Abstract. In a previous paper I gave a presentation for the Quillen higher algebraic K-groups of an exact category in terms of acyclic binary multicomplexes. In this paper I take that presentation as a definition of the higher K-groups, generalize it to the relative K-groups of an exact functor between exact categories, and produce the corresponding long exact sequence by elementary means, without homotopy theory.
Introduction
The paper [1] provided the first presentation by generators and relations for the higher algebraic K-groups of Quillen, which are defined as homotopy groups of certain spaces constructed by combinatorial means from the algebraic situation under consideration. The generators and relations involve ingredients just a bit more complicated than the notion of chain complex from homological algebra.
A fundamental aspect of algebraic K-theory is the construction and use of long exact sequences of algebraic K-groups, such as those provided by the localization theorem for abelian categories or the localization theorem for projective modules of Quillen. The most general of these is the long exact sequence
for an exact functor F : M → N , involving the relative K-groups of F , which are also defined as homotopy groups.
This paper
1 presents a conjectural presentation for the relative K-groups, adopts it as a definition, and then uses it directly to construct the long exact sequence by elementary means, without homotopy theory.
Hence the long exact sequence of relative K-theory in algebraic K-theory is intermediate in complexity between the long exact sequence in homotopy theory and the long exact sequence in homological algebra. The result can also be viewed as an imaginary reconstruction of history, providing a step toward an approach to the invention of higher algebraic K-theory without homotopy theory and could have been done in the 1960's.
Perhaps the techniques developed here for computing with the presentation provided here can serve as tools for the construction of useful new long exact sequences of K-groups.
I intend to settle the conjecture 1.6 in a future paper.
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I thank the University of Bielefeld (where much of this work was done) for its hospitality, the National Science Foundation for support under grant NSF DMS 10-02171, and the Oswald Weblen Fund and the Bell Companies Fellowship for supporting my stay at the Institute for Advanced Study in 2013-2014, where the paper was written. , and what a quasi-isomorphism of N is [1, Definition 2.6]. Any exact category can be converted to one that supports long exact sequences by adding objects representing images of idempotent maps, and the conversion changes only K 0 N . The advantage of working in such a category is that all the usual statements from homological algebra about exactness of bounded chain complexes hold [1, text after Definition 1.4]. Without further comment, we assume that the exact categories mentioned here all support long exact sequences. In [1] are various results that state that the constructions we use for making new exact categories from old ones (for example, categories of chain complexes or binary chain complexes) preserve the property of supporting long exact sequences; similar statements hold for the slightly more advanced constructions of this paper.
Basic constructions
We let Gr N denote the exact category of bounded Z-graded objects N of N . 
Conjecture 1.6. Passing to K-theory gives the following homotopy pullback square.
The upper right hand corner in the square above was shown to be contractible in [1, proof of The following theorem is our main result; the proof will be given later. Theorem 1.7. Given an exact functor F : M → N between exact categories that support long exact sequences, the sequence
of abelian groups induced by the maps of pairs
is exact.
Recall the notations B q N and C q N for the subcategories of acyclic objects in BN and CN respectively, introduced in the last paragraphs of [ Corollary 1.9. Given an exact functor F : M → N between exact categories that support long exact sequences, there is an exact sequence
10. An explicit computation shows that, in general,
It compares the exact sequence above to Quillen's localization sequence for the embedding of a Dedekind domain with nontrivial ideal class group into its field of fractions.
The long exact sequence
To extend the long exact sequence of 1.9 to the left, we introduce the notion of split cubes of exact categories.
in the category of split n-cubes of C. A split n-cube of exact categories is a split n-cube in the category of exact categories.
Recall from [1, Section 7, first paragraph] that the functor Ω : N → ΩN can be iterated n times, yielding a functor Ω n : N → Ω n N , where Ω n N is regarded here as a split n-cube of exact categories. It is split because the functor ∆ is split by the functor ⊤.
Since the functor ⊤ is natural, the functor Ω can be viewed as a split pair of functors from exact categories to exact categories, and thus Ω n can be viewed as a split n-cube of such functors. In particular, if
is a split n-cube of pairs of exact categories -that is a stronger condition than being a pair of split n-cubes, since the splittings are not part of the data incorporated into a cube.
Observe that if G : C → Ab is a functor from a category C to the category Ab of abelian groups, then we can extend it to a functor on split n-cubes in C, by induction on n, by defining G[C ′ → C] := coker(GC ′ → GC). Since a direct summand of an exact sequence is exact, an exact sequence G ′ → G → G ′′ of functors C → Ab remains exact when extended to a sequence of functors on split n-cubes of C.
If C is a split n-cube of exact categories and m ∈ N, then the discussion above gives a meaning to K m C, as does the notion of multi-relative K-theory of a cube of exact categories, discussed in [1, Appendix] . The two meanings agree, because the long exact sequence of relative K-theory for a split pair [F : M → N ] splits into a collection of split short exact sequences 0
Since the meanings agree, we may allow the ambiguity in notation, as in the statement of the following lemma. For those readers interested only in the elementary content of this paper, the second meaning can be ignored. Lemma 2.2. Given an exact category N with m ∈ N and n ∈ N, there is a natural isomorphism
Proof. We apply [1, Corollary 7.1] and use the notation used there:
Here KΩ n N is the multirelative K-theory spectrum of the split n-cube Ω n N of exact categories, and V 0 denotes the functor that gives the 0-th stage of the Postnikov filtration of a spectrum.
Readers interested only in the elementary content of this paper may take K n N := K 0 Ω n N as a definition. In that case, the proof of the lemma would amount to the following chain of isomorphisms:
Corollary 2.3. Given an exact functor F : M → N between exact categories that support long exact sequences and n ∈ N, there is a long exact sequence
Here K 0 Ω denotes the functor on pairs of exact categories discussed above, extended to split n-cubes of such pairs.
Remark 2.4. Settling the conjecture 1.6 would imply that (
The corollary doesn't address generators and relations for K 0 [F ], but good ones are already provided by the isomorphism
Proof. We interpret the groups in the statement of 1.9 as functors from the category of pairs [F ] of exact categories to the category of abelian groups, so we can extend them to functors on split n-cubes of pairs of exact categories. The sequence remains exact when applied to Ω n [M F − → N ], yielding the following exact sequence.
2 we can rewrite it as follows.
Splicing these 5-term exact sequences together yields the desired result. 
is concentrated in degree i, so its differentials vanish, rendering its top and bottom differentials equal, and thus it is in the image of ∆. Hence each term in the sum vanishes.
Corollary 3.2. The sequence of groups in 1.9 is a chain complex.
Proof. Examine the following commutative diagram, in which the lemma has been applied at three spots. 
(We assume no relationship between the maps of E and the maps of E ′ .)
Proof. Use the notation M ∼ M ′ to indicate the condition that the three objects and two short exact sequences exist.
follows from additivity and the existence of E and E ′ .
We introduce some terminology. A commutative (additive) monoid is cancellative if in it x + z = y + z ⇒ x = y holds. An additive equivalence relation is called cancellative if the corresponding quotient commutative monoid is.
The relation ∼ is a cancellative additive equivalence relation on the commutative monoid consisting of the isomorphism classes of M, where direct sum gives the addition operation. For example, additivity follows by forming direct sums of the exact sequences involved. To show M ∼ M (reflexivity), one takes E and E ′ to
Now let H denote the commutative monoid of equivalence classes of objects of M modulo ∼, with the equivalence class of M denoted by M . Since it is cancellative, the universal map from H to a group G is injective. To see that, construct G in the standard way as a quotient set of H × H, where (h,
We may thus identify h with the equivalence class of (h, 0).
There is a well defined homomorphism
There is also a well defined homomorphism 
Proof. The leftward implication follows from additivity in K 0 applied to E and E ′ . To prove the rightward implication, suppose
. Adding length 1 acyclic complexes formed from the maps 1 M and 1 M ′ to the short exact sequences provided by the Lemma yields the following exact sequences, of the form desired.
5. Proof of exactness, part 1 Proof. Using direct sum, an arbitrary element can be written as a difference
Lemma 6.3. The subsequence , arriving at a situation where gr ⊤M ∼ = gr ⊥M . Replacing the objects of ⊥M by the objects of ⊤M and composing the differentials of ⊥M with the appropriate isomorphisms, we achieve gr ⊤M = gr ⊥M , without changing the isomorphism class of ⊥M . Hence
, the first group of our sequence, and the goal is to show it maps to our generator. For forming the total complex of a complex N of complexes, or for forming the total binary complex of a binary complex of complexes, and so on, we will fix the following convention for adjusting the signs of the differentials to produce the differential of the total complex: we alter the sign of the differential of the complex N i by (−1)
i . That is equivalent to rewriting the chain complex · · · → (M, −d) , and isomorphic objects have the same class in Grothendieck groups, so the change of sign causes no problem in practice.
Proof. Apply 6.1 to the exact functor 0 → N . Proof. For (1), consider the following pair of bicomplexes in N with the same underlying Z 2 -graded object, concentrated in degrees {0, 1} × {0, 1}. 
Proof. Form two complexes of complexes of N with the same underlying Z 2 -graded object that have M in column 1 and N in column 0, using f and the top differentials of M and N in the first and using g and the bottom differentials in the second. All rows and columns are acyclic, so the total complexes form an object K of B 
Proof. A permutation can be written as a product of disjoint cycles, so by treating each cycle separately we may assume σ is a cycle of order n. By renumbering, we may assume σ1 = 2, σ2 = 3, . . . , σn = 1. The general case follows from the case for n = 2 by writing S as a product of signed transpositions.) Moreover, S satisfies the equation
and thus gives an isomorphism S : (N,
Proof. This follows from the case n = 2 of the lemma.
Proof of exactness, part 3
Let M F − → N be an exact functor between exact categories.
Proof. By the exact sequence of a mapping cone, it suffices to show that β :
tar is a quasi-isomorphism in CN , and hence its mapping cone is acyclic. Thus the successive subquotients of the naive filtration of E (in the B-direction) are in B q N ; moreover, they are diagonal, because the two differentials in the B-direction no longer contribute and there was only one differential in the C-direction. Hence their classes vanish in K 1 N , and thus so does their sum β, as desired. 
Proof of exactness, conclusion
Proof of 1.7. Apply 5.1, 6.3, and 9.2.
